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Abstract
We present a method to control the regularization scheme dependence in the running
of couplings in Kaluza-Klein theories. Specifically we consider the scalar theory in five
dimensions, assuming that one dimension is compactified and we study various regulariza-
tion schemes in order to analyze concretely the regularization scheme dependence of the
Kaluza-Klein threshold effects. We find that in one-loop order, although the β-functions
are different for the different schemes, the net difference in the running of the coupling
among the different schemes is very small for the entire range of energies. Our results
have been extended to include more than one radii, and the gauge coupling unification is
re-examined. Strings are also used as a regulator. We obtain a particular regularization
scheme of the effective field theory which can accurately describe the string Kaluza-Klein
threshold effects.
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1 Introduction
Recently there have been renewed interests in Kaluza-Klein theories with a large com-
pactification radius [1]–[5]. The radius can be so large that quantum effects, in particular
the running of coupling constants in these theories, can drastically change the traditional
picture of unification of the gauge couplings [4]. These higher dimensional field theories
might appear as the low-energy effective theory of a string theory with certain D-branes
[4]–[7] 1, and contain towers of massive Kaluza-Klein excitations. It is indeed this tower
of excitations which gives rise to the quantum effect that modifies the behavior of the
coupling from the logarithmic to the power law running [9, 4], thereby changing the usual
unification scenario. The results of refs. [9, 4, 10, 11] indicate, moreover, that this quan-
tum effect can be computed to a certain extent within the framework of the effective
field theory 2. That is, physics below the string scale but above the compactification
scale (the massive string states are suppressed in this regime), can be well described by
a field theory [10, 11] which is unrenormalizable by power counting. Furthermore, it is
expected that if extra dimensions are compactified the unrenormalizable theory effectively
appears at low energies in four dimensions as a renormalizable theory, in which the mas-
sive Kaluza-Klein excitations are completely decoupled. How can this decoupling become
possible in unrenormalizable theories? In this paper we are motivated by the desire to
gain a deeper understanding on the Kaluza-Klein thresholds within the framework of
(unrenormalizable) field theory.
A pragmatic way to define an unrenormalizable theory is to cutoff the high energy
modes by a regularization. However, in contrast to renormalizable theories, it is no
longer obvious that the “physical” quantities are truly independent of the regularization.
Therefore, the regularization scheme dependence must be much more serious than the
renormalization scheme dependence in renormalizable theories. To our knowledge there
1See also [8] and references therein.
2See also refs.[12]–[16]. In refs. [13, 14] quantum corrections to supersymmetry breaking parameters
also have been computed.
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exists no complete solution to this problem. Our task in this paper is to take a step in
solving this important problem in the case of the running of couplings. (Note that the
running of couplings is strongly dependent on regularization.) To simplify the situation
we will first consider the Kaluza-Klein theory for the scalar field with a self-interacting
coupling in five dimensions where we assume that one extra dimension is compactified
on a circle with radius R. We will assume that the leading high energy behavior in the
running of the coupling is fixed by its canonical dimension without any corrections. From
this we postulate in section 2 the form of the β-function of the dimensionally-reduced, four-
dimensional theory containing the Kaluza-Klein tower and show that the regularization
scheme dependence in the running of the coupling can be systematically controlled in the
asymptotic regime (i.e. in energy scales much higher than the compactification scale 1/R).
In other words, different regularization schemes in the asymptotic regime can be related
by a “finite” transformation of the corresponding coupling, in a very similar way as in the
case of a renormalizable theory. Consequently, the net difference among regularization
schemes can originate only from the threshold effect of the first Kaluza-Klein excitations.
In section 3 we will consider various regularization schemes, the Exact renormalization
group (ERG) scheme [17]–[20] 3, the momentum subtraction scheme and the proper time
regularization scheme [4], and we introduce the notion of effective dimension (which has
been used to absorb the environmental effects at finite temperature into a redefinition of
the spatial dimension [21]) to absorb the Kaluza-Klein threshold effects into the effective
dimension. Studying the effective dimension as a function of energy, we will observe
the smooth transition of the coupling from the logarithmic behavior to the power law
behavior, which shows that the effective dimension contains the full information of the
Kaluza-Klein threshold effects. In section 4 we will then investigate the one-loop evolution
of the coupling in these schemes as well as in the one-θ function and the successive-
θ functions approximation schemes, and extract the net difference among the schemes
by taking into account appropriately chosen finite transformations of the coupling. We
3The Exact RG scheme has been applied to the Kaluza-Klein theories in refs. [14, 15].
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will find that the net difference in the evolution of the coupling among the different
regularization schemes is very small. At first sight this looks like a surprising result, but
in fact it only generalizes the result of ref. [4] that the one-θ-function approximation is a
very good approximation to the proper time regularization scheme. We expect that this
feature of the threshold effect, which does not exist in the usual renormalizable theories,
is very general in Kaluza-Klein theories, and therefore our result obtained in a scalar field
theory can be extended to gauge theories. In fact we examine gauge coupling unification
of the minimal supersymmetric standard model (MSSM) with the Kaluza-Klein tower
only in the gauge and Higgs supermultiplets (proposed in ref. [4]) by taking into account
the Kaluza-Klein threshold effect. We find that because of a compensating mechanism
which exists in this model the prediction of α3(MZ) does not change practically.
Finally we compare the Kaluza-Klein threshold effect in a string theory and its effective
field theory. We will observe that string theory result averages those of field theory in dif-
ferent regularizations with a definite weight, and that it defines an average regularization
scheme of the effective theory. Remarkably, we will find that the effective theory with the
average regularization scheme can accurately describe the Kaluza-Klein threshold effects
of the string theory.
2 Controlling regularization scheme dependence
In order to concentrate on the regularization scheme dependence and to avoid problems
that might complicate our task (e.g. violation of gauge symmetries through regulariza-
tion), we consider the Kaluza-Klein theory for the scalar field φ in Euclidean five dimen-
sions where we assume that the one extra dimension is compactified on a circle with radius
R. We denote the extra coordinate by y and the four dimensional coordinates by xµ. The
starting five dimensional action is
S(5) =
∫ 2piR
0
dy
∫
d4x
{
1
2
(∂yφ˜)
2 +
1
2
(∂µφ˜)
2 +
m˜2
2
φ˜2 +
λ˜
4!
φ˜4
}
. (1)
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The scalar field satisfies the boundary condition
φ˜(x, y) = φ˜(x, y + 2πR) , (2)
which implies that the field can be expanded as
φ˜(x, y) =
∑
n∈Z
φ˜n(x) exp(iωny) , ωn =
n
R
, (3)
(φ˜n)
∗ = φ˜−n ,
where the last equality follows from the reality of φ˜. To define the four dimensional action
we redefine the field and the parameters according to
φ˜n → φn = φ˜n/
√
2πR , λ˜→ λ = 2πRλ˜ , m˜2 → m2 = m˜2 . (4)
We then obtain
S =
∫
d4x

12
∑
n∈Z
φ−n[−∂2µ +m2 + ω2n]φn +
λ
4!
∑
ni∈Z
δn1+n2+n3+n4,0φn1φn2φn3φn4

 . (5)
The canonical dimension of the original coupling λ˜, defined in (1), is −1, and so
one expects that λ˜ behaves like λ˜ ∼ Λ−1 for large Λ. As we have announced in the
introduction, we assume that the leading order behavior does not suffer from any scaling
violation. This implies that the β-function of the coupling λ˜ in the five dimensional theory
can be written as
β˜ = Λ
dλ˜
dΛ
≃ ∑
n≥2
b˜nλ˜
nΛn−1 (6)
for large Λ. In general it is expected that the expansion coefficients b˜n depend on the regu-
larization scheme employed, even in the lowest order, i.e. b˜2. Next if the four dimensional
theory defined by (5) should be related or be an approximation to the five dimensional
theory, then the β-function of λ should approach, upon the rescaling (4), the form (6)
of the five dimensional theory in the large Λ limit. From this consideration we postulate
that the β-function of λ for large Λ has the form
β = Λ
dλ
dΛ
=
∑
n≥2
bnλ
n(RΛ)n−1 +∆β , (7)
4
where ∆β stands for sub-leading terms which vanish in the Λ→∞ limit (with λ kept con-
stant). Like the coefficients b˜n, the expansion coefficients bn depend on the regularization
scheme.
Before we proceed, let us note the following remark. In usual renormalizable gauge the-
ories, the renormalization scheme dependence has been systematically studied in ref. [29].
We recall that in this case there exists not only the complete parametrization of the
renormalization scheme dependence, but also there exist exact, renormalization-scheme
independent quantities at a given order in perturbation theory. It might be possible
to generalize these results to non-renormalizable theories. However, the generalization
will not be straightforward, because in renormalizable theories there exist quantities (i.e.
the physical quantities) that are formally ensured to be independent of renormalization
scheme if one considers all orders of the perturbative expansions.
Given the asymptotic form of the β-function (7) in four dimensions, we analyze the
regularization dependence, and consider the change of the scheme, λ → λ′. We require
that this transformation satisfies:
λ′ ∼ 1/Λ as Λ→∞ . (8)
It is now straightforward to see that the most general form of the transformation that
keeps the asymptotic form (7) invariant can be written as
λ → λ′ = ∑
n≥1
cnλ
n(RΛ)n−1 +∆λ , (9)
where c1 = 1, and ∆λ stands for the terms in the sub-leading orders. It may be worthwhile
to see how the transformation (9) changes the coefficients bn in lower orders.
To this end, we consider up to the next-to-leading order:
β = b2λ
2(RΛ) + b3λ
3(RΛ)2 + . . . , (10)
λ′ = λ(1 + c2λΛ + c3λΛ
2 + . . .) , (11)
and find that
β ′ = Λ
dλ′
dΛ
= b′2λ
′2(RΛ) + b′3λ
′3(RΛ)2 + . . . , (12)
with b′2 = b2 + c2 , b
′
3 = b3 − 2c22 + 2c3 . (13)
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So the lowest order coefficient b2 has been changed, which should be contrasted to the
renormalizable case where the lowest order coefficient does not change under the change
of scheme.
We will see that the discussion above plays an important role in the next section in
taking into account the threshold corrections of the Kaluza-Klein modes and comparing
the threshold effects obtained in different regularization schemes with each other.
3 Explicit calculations in different schemes
In order to describe the Kaluza-Klein threshold effects and obtain the power-law behavior
of the effective couplings, it is important to treat the decoupling of the massive Kaluza-
Klein modes faithfully. In this section we adopt three different regularization schemes
of this kind; 1) the Exact RG (ERG) scheme (the Legendre flow equations) [20], 2)
the momentum subtraction (MOM) scheme and 3) the proper time regularization (PT)
scheme [4]. In what follows, we will study the regularization scheme dependence in the
β-function and compare the results of these schemes.
3.1 Exact RG approach
A. Uncompactified case
The theory defined by (1) is (perturbatively) unrenormalizable by power-counting. There-
fore we need to define the theory as a cutoff theory. The natural framework to study low-
energy physics of the cutoff theory is provided by the continuous Wilson renormalization
group (RG) [17]–[20]. To illustrate the basic idea of the Wilson RG approach, we assume
for a while that the extra dimension is not compactified. First we divide the field in the
momentum space, φ(p), into low and high energy modes according to
φ(p) = θ(|p| − Λ)φ>(p) + (1− θ(|p| − Λ))φ<(p), (14)
where θ(|p|−Λ) denotes a proper infrared cutoff function. The Wilsonian effective action
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is defined by integrating out the high energy modes in the path integral;
Seff [ φ<,Λ ] = − ln
{∫
Dφ> e−S[φ>,φ<]
}
. (15)
It was shown in ref. [17, 18] that the path integral corresponding to the difference
δSeff = Seff [ φ<,Λ + δΛ ]− Seff [ φ<,Λ ] (16)
for an infinitesimal δΛ can be exactly carried out. That is, it is possible to write down a
concrete expression for the RG equation of the effective action in the form
Λ
∂Seff
∂Λ
= O(Seff) , (17)
where O is a non-linear operator acting on the functional Seff . Since Seff is a (non-
local) functional of fields, one can think of the RG equation (17) as coupled differential
equations for infinitely many couplings in the effective action. The crucial point is that
O can be exactly derived for a given theory, in contrast to the perturbative RG approach
where the RG equations are known only up to a certain order in perturbation theory.
This provides us with possibilities to use approximation methods that go beyond the
conventional perturbation theory [23, 24, 25].
There exist various (equivalent) formulations [18]–[20] of the ERG approach, and de-
pending on the formulation and also on the cutoff scheme one has to consider different
forms of the operator O 4. Of the different formulations, the so-called Legendre flow
equation [20] is the most suitable one to incorporate the decoupling of heavy particles
5. Here let us first briefly outline the basic idea to derive the Legendre flow equation
that describes the evolution of the cutoff effective action. As a first step we define the
generating functional W [J ] of the connected Green’s functions with an infrared cutoff Λ
by
W [J ] = ln
∫
Dφ exp
{ ∫
dDp
(2π)D
[−1
2
φ(−p)C−1(p,Λ)φ(p)]− SΛ0 [φ] + φ · J
}
, (18)
4 The formal relations between these formulations are investigated in refs. [26].
5 The Polchinski formulation [19] is not appropriate to take into account the heavy particle decoupling,
since a cutoff is introduced in the massless propagator. The Wegner-Houghton equation with a sharp
cutoff [18] is not appropriate either because it becomes singular at the thresholds of the heavy particles.
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where D = 5 in the present case, and
φ · J =
∫
dDp
(2π)D
J(−p)φ(p) . (19)
Here SΛ0 stands for the bare action, and C
−1(p,Λ) is a smooth cutoff function of p2 and
Λ2 which cutoffs the propagation of the lower energy modes with |p| ≪ Λ. The explicit
form of the cutoff function will be specified later on. An ultraviolet cutoff is assumed in
the r.h.side of (18), but the results we will obtain are ultraviolet finite. One derives the
RG equation for W [J ] for the present system by differentiating the both sides of eq. (18)
with respect to Λ:
Λ
∂W
∂Λ
= −1
2
∫
dDp
(2π)D
[
δW
δJ(p)
(Λ
∂C−1(p,Λ)
∂Λ
)
δW
δJ(−p)
+ (Λ
∂C−1(p,Λ)
∂Λ
)
δ2W
δJ(p)δJ(−p)
]
. (20)
This flow equation can be translated to that of the infrared cutoff effective action which
is defined by Legendre transformation:
Γeff [φ] = −W [J ] + J · φ− 1
2
∫
dDp
(2π)D
φ(−p)C−1(p,Λ)φ(p) , (21)
yielding
Λ
∂Γeff
∂Λ
=
1
2
∫ dDp
(2π)D
Λ
∂C−1(p,Λ)
∂Λ
[
C−1(p,Λ) +
δ2Γeff
δφ(p)δφ(−p)
]−1
. (22)
As we see from the above RG equations (20) and (22), they explicitly depend on the
cutoff function C(p,Λ). The physical quantities should be independent of it. However,
this is not automatically ensured as we have emphasized in section 1. In this paper we
use the smooth cutoff function 6
C(p,Λ) =
1
Λ2
(
p2
Λ2
)k
, (23)
where k is a positive integer satisfying k > D/2−2. To see that this is in fact an infrared
cutoff, we look at the (massless) propagator which can be read off from the generating
6 This cutoff function has been used in order to calculate critical exponents in lower dimensions [24, 25].
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function (18):
1
p2
θΛ(p
2/Λ2) with θΛ(s) =
sk+1
1 + sk+1
. (24)
One sees that the cutoff profile becomes sharper for bigger k. (Later we will examine the
cases of k = 1 (slow cutoff) and k = 5 (sharp cutoff) .) For the cutoff function (23) the
ERG equation (22) becomes finally
Λ
∂Γeff
∂Λ
= (k + 1)
∫ dDp
(2π)D
[
1 +
1
Λ2
(
p2
Λ2
)k
δ2Γeff
δφ(p)δφ(−p)
]−1
. (25)
The RG equations (22) and (25) are integro-differential equations of first order in Λ
defined on a space of functionals of fields. In general, these RG equations cannot be solved
exactly, and therefore one has to apply some approximation method. Clearly, assumptions
which are made for a specific approximation method should be confirmed in a case-by-case
analysis at a desired level within the approximation scheme. In the derivative expansion
approximation [23, 24], one assumes that the Legendre effective action Γeff [φ] can be
written as a space-time integral of a (quasi) local function of φ, i.e.,
Γeff [φ] =
∫
dDx (
1
2
∂µφ∂µφZφ(φ) + V (φ,Λ) + . . . ) , (26)
where . . . stands for terms with higher order derivatives with respect to the space-time
coordinates. In the lowest order of the derivative expansion (the local potential approx-
imation (LPA) [22]), there is no wave function renormalization (Zφ(φ) = 1) and the RG
equation for the effective potential V can be obtained. It is more convenient to work with
the RG equation for dimensionless quantities, which makes the scaling properties more
transparent. To this end, we scale the quantities according to
p → Λp , φ→ ΛD/2−1φ , V → ΛDV . (27)
Then the RG equation is found to be
Λ
∂V
∂Λ
= −DV + D − 2
2
φV ′ + (k + 1)
AD
2
∫ ∞
0
ds sD/2−1
[
1 + sk(s+ V ′′)
]−1
, (28)
where the prime on V stands for the derivative with respect to φ, and
AD =
21−D
πD/2Γ(D/2)
(29)
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is the D dimensional angular integral.
Since we are not interested in the non-perturbative calculations, but in the thresh-
old effects of the Kaluza-Klein modes in the weak coupling regime, we assume that the
potential V in eq. (28) can be expanded as
V =
1
2
m2φ2 +
1
4!
λφ4 + . . . . (30)
This gives the RG equations for the effective couplings;
Λ
∂m2
∂Λ
= −2m2 − λ(k + 1)AD
2
∫ ∞
0
dssD/2−1
sk
(1 + sk+1 +m2sk)2
, (31)
Λ
∂λ
∂Λ
= (D − 4)λ+ 6λ2(k + 1)AD
2
∫ ∞
0
dssD/2−1
s2k
(1 + sk+1 +m2sk)3
. (32)
It is worth-considering the massless case, because m2 (which is the mass of the zero
mode in Kaluza-Klein theories) is small as compared to the scale of compactification in
most practical situations. Then we find that
Λ
∂λ
∂Λ
= (D − 4)λ+ 3
2
ADB(D, k)λ
2 , (33)
B(D, k) = 2(k + 1)
∫ ∞
0
dssD/2−1
s2k
(1 + sk+1)3
. (34)
In terms of the original, dimensional coupling (i.e. λ → ΛD−4λ), the evolution equation
(33) becomes
Λ
∂λ
∂Λ
=
3
2
ADB(D, k)Λ
4−Dλ2 , (35)
recovering the power law behavior of the scalar coupling. Note that the constant B(D, k)
depends explicitly on k and D (k > D/2− 2). We find, for instance, that
B(4, k) = 1 (for all k),
B(5, 1) = 1.3884 · · · , B(5, 2) = 1.22173 . . . , B(5, 5) = 1.09581 . . . ,
B(6, 5) = 1.22173 · · · . (36)
As we can see from eq. (35), the k dependence (regularization dependence) can be ab-
sorbed into the redefinition of the coupling λ for D 6= 4, according to the discussion of
10
section 2. Fortunately, at D = 4 (where the power behavior disappears) the k dependence
vanishes, as we see from (36).
B. Compactified case
Now we would like to come to the case in which the extra spatial dimension is compactified
on a circle with radius R. What follows is a continuation of ref. [14] and a justification
of the main assumptions that have been made there. The results of ref. [14] were also
based on the recent developments that have been made concerning the renormalization
properties of the supersymmetry breaking parameters in supersymmetric gauge theories
[28].
The starting four dimensional action is given by eq. (5). To define the generating
functional W [J ], we introduce like eq. (18) the infrared cutoff term 7
∆S =
1
2
∫ 2piR
0
dy
∫
d4xφ(x, y)C−1(−i∂x,−i∂y ,Λ)φ(x, y)
=
1
2
∫
dp4
(2π)4
∑
n
φ−n(−p)C−1(p, ωn,Λ)φn(p) . (37)
Then we follow exactly the same procedure as in the uncompactified case, and obtain the
RG equation for the effective action:
Λ
∂Γeff
∂Λ
= (k + 1)
∫
d4p
(2π)4
∑
n
∆n,−n(p,−p) , (38)
∆−1n,−m(p,−p) = δn,−m +
1
Λ2
(
p2 + ω2n
Λ2
)k
δ2Γeff
δφn(p)δφ−m(−p) , (39)
where we have used the infrared cutoff function
C(p, ωn,Λ) =
1
Λ2
[
p2 + ω2n
Λ2
]k . (40)
This infrared cutoff function is motivated from that of the uncompactified case (see
eq. (23)). Calculating the propagator for a Kaluza-Klein mode, we find that it is multi-
7 In theD = 5 case we may adopt the cutoff functions that cutoff only the four dimensional momentum,
since the infinite sum of the Kaluza-Klein modes converges. Here we have adopted a cutoff function that
can be applied to the D > 5 cases as well. It is worth-noting that in finite temperature field theory [27]
one obtains Legendre flow equations, which are similar to eq. (44).
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plied by the cutoff function
θΛ(p, ωn) =
[ p2/Λ2 + (ωn/Λ)
2 ]k+1
1 + [ p2/Λ2 + (ωn/Λ)2 ]k+1
, (41)
from which we see that not only high frequency modes are integrated out in the effective
action, but also heavy mass modes.
We keep following the uncompactified case. In the lowest order of the derivative
expansion approximation the Legendre effective action Γeff [φ] has the same form as (26),
i.e.,
Γeff [φn] =
∫
d4x
(
1
2
∑
n
∂µφn∂µφ−n + V (φn,Λ) + . . .
)
, (42)
and the potential has the same structure as the tree level
V =
m2
2
∑
n
φ−n
[
−∂2µ +m2 + ω2n
]
φn +
λ
4!
∑
ni
δn1+n2+n3+n4,0φn1φn2φn3φn4 + . . . . (43)
Then we scale the quantities according to (27) and inserting the ansatz (42) with V given
in eq. (43) into eq. (38) to obtain
Λ
∂V
∂Λ
= −4V +∑
n
φn
∂V
∂φn
+(k + 1)
A4
2
∑
n
∫ ∞
0
ds s4/2−1
[
1 + sk
(
s+
δ2V
δφn(p)δφ−n(−p)
) ]−1
. (44)
Expanding the potential in eq. (44) we finally obtain the RG equations in one-loop ap-
proximation as
Λ
∂m2
∂Λ
= −2m2 − λ(k + 1)∑
n
1
16π2
∫ ∞
0
dss
skn
(1 + sk+1n +m
2sk)2
, (45)
Λ
∂λ
∂Λ
= 6λ2(k + 1)
∑
n
1
16π2
∫ ∞
0
dss
s2kn
(1 + sk+1n +m
2sk)3
, (46)
where
sn = s+ (
n
RΛ
)2 and
A4
2
=
1
16π2
. (47)
These RG equations should be compared with eqs. (31) and (32) found in the uncom-
pactified case. Note that the sum over n is convergent, and this convergence is ensured
by the infrared cutoff function C given in eq. (40) introduced in eq. (37).
12
3.2 Effective dimension
Here we would like to understand how the power behavior of the coupling for large Λ occurs
in the ERG scheme. To simplify things we consider the massless case. The evolution
equation (46) in the massless limit becomes
Λ
dλ
dΛ
=
3
16π2
ǫk(RΛ) λ
2 , (48)
where
ǫk(RΛ) = 2(k + 1)
∑
n
∫ ∞
0
dss
s2kn
(1 + sk+1n )
3
, sn = s+
(
n
RΛ
)2
. (49)
The function ǫk(RΛ) approaches to 1 as RΛ → 0, (i.e. Λ → 0), while as RΛ → ∞ its
derivative, d ln ǫk/d lnΛ, approaches to a constant independent of Λ. In figs. 1 and 2 we
plot ln ǫk as a function of t = ln(RΛ) for k = 1 and 5, respectively, where N stands for
the value of n in the r.h.side of eq. (49) at which the sum is truncated (i.e. |n| ≤ N).
The asymptotic behavior of the β-function can be read off from figs. 1 and 2, and we
see that it agrees with the expectation presented in (7). In the present case, the β-function
obeys the power law behavior starting around (RΛ) ∼ 1 (i.e. t ∼ 0). As we can see from
figs. 1 and 2 the function ǫk(t) interpolates the two regions of energy, below and above
the compactification scale 1/R. In fact, we may regard
Deff(RΛ) = 4 +
d ln ǫk
d ln(RΛ)
(50)
as the effective dimension 8, because the redefined coupling by
hk = ǫk(RΛ)λ (51)
8 The notion of the effective dimension here has been introduced in ref. [21] to absorb the environmental
effects (e.g. temperature) occurring in dimensional crossover phenomena into a redefinition of the spatial
dimension.
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Figure 1: The function ln ǫk(t) with k = 1 where t = ln(RΛ). N stands for the cutoff in
the sum over the Kaluza-Klein excitations.
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Figure 2: The same as the fig. 1 with k = 5.
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satisfies the RG equation 9;
Λ
dhk
dΛ
= (Deff − 4)hk + 3
16π2
h2k . (52)
One indeed finds that
Deff(RΛ) →


4
5
as RΛ →


0
∞
. (53)
This is demonstrated in figs. 3 and 4 with k = 1 and 5, respectively (where the sum in
eq. (49) is truncated at N). At this point we emphasize that the function ǫk contains
the full information of the threshold effects of the Kaluza-Klein excitations. That is, the
solution of the evolution eq. (48) contains all the threshold effects.
Another important point is that the behavior of the effective dimension Deff (which
contains the infinite sum over the Kaluza-Klein excitations, see eq. (49)) near the compact-
ification scale 1/R (in which the power law behavior of the coupling is not yet manifest)
can be well approximated by the sum over only the first few Kaluza-Klein excitations. We
see from figs. 2, 3 and 4 that only the first few Kaluza-Klein excitations give important
contributions to the threshold effects. That is, it is not necessary to carry out the infinite
sum in order to find the form of the correction coming from the Kaluza-Klein threshold
effects. The coupling has the power law behavior already after passing few Kaluza-Klein
excitations, and consequently, the β-function has reached its asymptotic form given in
eq. (7). That is, the Kaluza-Klein excitations should be indeed present for the coupling
to obey the power law, but the asymptotic behavior, i.e. b2 given in (7), can be fixed
through the first few excitations.
As a last task of this subsection we explicitly calculate the asymptotic form of the
β-function for two different k’s, where k specifies the cutoff function C given in eq. (40)
9Indeed the expansion parameter in high energy region is not the four dimensional coupling λ, but
this re-defined coupling hk. However this coupling rapidly grows so that the perturbative treatment
may not be justified. In gauge theories the re-defined non-abelian gauge coupling will also grow into
non-perturbative region in the high energy limit. However, N = 2 supersymmetry for the massive
Kaluza-Klein modes might overcome this difficulty [10].
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Figure 3: The effective dimension Deff(RΛ) for k = 1 where t = ln(RΛ).
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in the ERG scheme. We find
(16π2)b2 =


5.5536 · · ·
4.3832 · · ·
for k =


1
5
, (54)
where the asymptotic coefficient b2 is defined in eq. (7).
3.3 Momentum subtraction scheme
Here we analyze the momentum subtraction (MOM) scheme 10. To this end, we compute
in the MOM scheme the one-loop correction Π
(4)
MOM to the four point vertex function in
the four dimensional theory defined by the action in eq. (5). We find that for the massless
case
Π
(4)
MOM(q
2,Λ2 = Q2, m2n)
=
3
2
λ2
∫
d4p
(2π)4
∑
n
[
1
(p2 +m2n)((p− q)2 +m2n)
− (q → Q)
]
, (55)
from which we obtain the one-loop β-function in the MOM scheme;
βMOM = Λ
∂ΠMOM
∂Λ
=
3
16π2
ǫMOM(RΛ) λ
2, (56)
where
ǫMOM(RΛ) = 1 +
∑
n 6=0
∫ 1
0
dx
x(1− x)(RΛ/n)2
1 + x(1 − x)(RΛ/n)2 . (57)
As we did in the case of the ERG scheme (see eq. (51)), we introduce the effective dimen-
sion in the MOM scheme:
Deff = 4 +
d ln ǫMOM
d ln(RΛ)
. (58)
In figs. 5 and 6 we plot ln ǫMOM and the Deff in the MOM scheme as a function of
t = ln(RΛ). We see from figs. 5 and 6 that the power law behavior of the β-function in
10The MOM scheme has been applied in early days of GUTs to take into account the threshold effects
of the super heavy particles of GUTs into the evolution of the gauge couplings [30].
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Figure 5: ln ǫMOM as a function of t = ln(RΛ).
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Figure 6: The effective dimension Deff as a function of t = ln(RΛ).
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the MOM scheme can take place for RΛ ∼ 2 (i.e. t ∼ 0.7). The asymptotic form in the
MOM scheme is found to be:
16π2b2 = 3.0701 · · · . (59)
However, in contrast to the non-perturbative RG approach, the transition region (i.e.
t ∼ 0) cannot be approximated by the sum over only the first few excitations; we need to
sum over ∼ 40 excitations, as is demonstrated in fig. 6. Therefore, we can conclude that
the MOM scheme is not an economical one from this point of view.
3.4 Proper time scheme
Next we consider the proper time (PT) scheme. This is the approximation used in refs. [9,
4]. So following them, we compute as in the MOM scheme the one-loop correction Π(4)
to the four point vertex function with zero external momenta in the PT scheme, and find
Π
(4)
PT,(r) =
3
2
λ2
∫ ′ d4p
(2π)4
∑
n
1
(p2 +m2n)
2
(60)
=
λ2
8π2
3
2
∫ µ−2
rΛ−2
dt
t
(
1
2
)
ϑ3
(
it
πR2
)
, (61)
where ϑ3 is one of the Jacobi theta functions
ϑ3(τ) =
∞∑
n=−∞
exp(iπn2τ) , (62)
and ′ means that the p integral is cutoff. Note that an ultraviolet and infrared cutoff
(by scale µ) are introduced to make the t integral finite, though the beta function is
independent of the infrared cutoff. We emphasize that the factor r cannot be fixed within
the framework of the four dimensional theory, and so it is an ambiguity that belongs to
the regularization scheme dependence uncertainties. In ref. [4] a specific value was given;
r = π(Xδ)
−2/δ , Xδ =
πδ/2
Γ(1 + δ/2)
, (63)
which has been obtained by comparing the asymptotic formula of ϑ3 (given in eq. (62))
and the total number of the Kaluza-Klein states with masses squared smaller than Λ2.
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In the case at hand (δ = 1) we have r = π/4. But the difference between r = π/4 and
another value can be completely transformed away by means of the lowest non-trivial
order transformation given in eq. (9), as we have explicitly verified 11.
The β-function in the PT scheme is then
βPT,(r) = Λ
∂ΠPT,(r)
∂Λ
=
3
16π2
ǫPT,(r)(RΛ) λ
2 , (64)
where
ǫPT,(r)(RΛ) = ϑ3
(
ir
π(RΛ)2
)
= 1 +
∑
n 6=0
exp
(
− rn
2
(RΛ)2
)
. (65)
In fig. 7 and 8 we plot, respectively, ln ǫPT,r and the effective dimension
Deff(RΛ) = 4 +
d ln ǫPT,(r)(RΛ)
d ln(RΛ)
(66)
as a function of t = ln(RΛ). for r = π/4.
We see from figs.7 and 8 that the power law behavior of the coupling in the PT scheme
can become manifest even before RΛ ∼ 1 (i.e. t ∼ 0). Moreover, the threshold region (i.e.
RΛ ∼ 1) can be very well approximated by the sum over the first few excitations, which
is shown in fig. 8. The asymptotic form in the PT scheme (with r = π/4) turns out be
16π2b2 = 6 (67)
where b2 is defined in eq. (7).
3.5 Two dimensional torus compactification
The investigation performed so far may be extended to the case with compactified dimen-
sions more than one. (The ERG scheme and the proper time scheme are applicable for any
dimensions. However, as for the momentum subtraction scheme defined by eq. (55), the
11The infinite sum appearing in eq. (60) is finite in this case (D = 5) and it can indeed be carried
out analytically. (See for instance, ref. [13]. Similar sums appear in field theories at finite temperature.)
Then one explicitly verifies that the results obtained by the two different calculations differ from each
other, even in the asymptotic regime. But this difference is only apparent.
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Figure 7: ln ǫPT with r = π/4 as a function of t = ln(RΛ) in the PT scheme.
-3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0 5.0
t
4.0
5.0
6.0
D
e
ff(t
)
No truncation
N=1
N=2
N=3
N=4
N=5
N=10
Figure 8: The effective dimension Deff as a function of t = ln(RΛ) for the PT scheme.
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infinite sum of the Kaluza-Klein modes diverges for more than one compactified dimen-
sions.) Here we will examine the behavior of the effective dimensions in the D = 6 case of
the torus compactification with two hierarchically different radii R1 and R2 (R1 ≪ R2).
The asymptotic behavior of the RG equation at high energy scale Λ will be given by
Λ
∂λ
∂Λ
∼ b2Λ−2λ2 + · · · , (68)
and the effective dimensionality will be 6 in the present case. However, it is expected
that the effective dimension is 5 at the intermediate scale of R1 ≪ Λ ≪ R2, and that
successive dimensional crossover, Deff = 6 → 5 → 4, occurs as the Kaluza-Klein modes
decouple successively.
Extension of the formulae for the β-function coefficients given by eq. (49) in the ERG
scheme and by eq. (65) in the PT scheme to the D = 6 case is straightforward; in the
ERG scheme
ǫk(R1Λ, R2Λ) = 2(k + 1)
∑
n1
∑
n2
∫ ∞
0
dss
s2kn1,n2
(1 + sk+1n1,n2)
3
,
sn1,n2 = s+
(
n1
R1Λ
)2
+
(
n2
R2Λ
)2
, (69)
and in the PT scheme
ǫPT,(r)(R1Λ, R2Λ) =
∑
n1
∑
n2
exp
(
−r
[(
n1
R1Λ
)2
+
(
n2
R2Λ
)2])
= ϑ3
(
ir
π(R1Λ)2
)
ϑ3
(
ir
π(R2Λ)2
)
. (70)
The prescription of ref. [4] gives r = 1 in this case. The effective dimension may be also
defined from these functions as
Deff(R1Λ) = 4 +
d ln ǫi(R1Λ, R2/R1)
d ln(R1Λ)
. (71)
In fig. 9 the effective dimension Deff as a function of t = ln(R1Λ) in the torus compacti-
fication is shown, where the radius ratio of the torus is set equal to R2/R1 = 10. Results
are obtained for k = 5 in the ERG scheme and r = 1 in the PT scheme. The successive
dimensional crossover is presented in fig. 9. It is noted that the PT scheme gives a smooth
transition of the effective dimensionality.
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Figure 9: The effective dimension Deff as a function of t = ln(R1Λ) in the case that the
compactified dimension is a torus with radius ratio of R2/R1 = 10. Results in the ERG
scheme (k = 5) and in the PT scheme are shown.
4 Results and applications
4.1 Comparison
We have explicitly seen in the previous section that all the regularization schemes we
have considered belong to the equivalent class of the schemes in which the asymptotic
limit of the coupling obeys the same power law. This is the basis which enables us to
make a meaningful comparison of the results obtained in the different schemes. Since
we stay within the one-loop approximation, we may assume that the coupling constant
λ in all the schemes has the same value, say λ0, at Λ0 which is very much smaller than
1/R. Furthermore, for Λ much below 1/R, all the schemes have the same one-loop β-
function, and the difference among the different schemes must become larger and larger
when closing to the transition region. After the transition region the difference of the
schemes can be well controlled, and the result obtained in one scheme can be transformed
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into the equivalent one in such a way that they can be meaningfully compared.
To proceed, we define a scheme which has no threshold correction (the one-θ function
approximation):
β0 =
1
16π2
λ2 [ 3θ(1− RΛ) + 6θ(RΛ− 1)(RΛ) ] , (72)
where we have used as the coefficient for the second term the one suggested in ref. [4].
That is, the scheme is specified by
(16π2)b2 = 6 . (73)
We would like to transform the result obtained, say in the i-scheme specified by 16π2b2i,
to a reference scheme for which we choose the PT scheme which is specified by 16π2b2 = 6
as in the case of the one-θ function scheme. According to eq. (9), the transformation has
the form
λi → λi + c2iλ2Λ . (74)
The subscript i should indicate that the actual values of the transformed λi differ from
one scheme to another, although all the schemes have been brought into the same scheme
through the transformation (74) upon using eqs. (13). This difference will be the net
difference of the regularization schemes.
We use the initial condition
λ = λ0 = 0.6 at t0 = ln(RΛ0) = −3 , (75)
and we solve the evolution equation for λ in the different schemes. Fig. 10 shows the
β-functions of the different schemes after they have been brought to the reference scheme,
the PT scheme. From fig. 10 we see that the ERG scheme and the PT scheme are very
similar and that the difference in the threshold effect in the different schemes is visible
only for t <∼ 1. Fig. 11 shows the evolution of the coupling λi as a function of t = ln(RΛ)
varying from −2 to 3 in the different schemes including the one-θ function scheme defined
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Figure 10: The ln ǫ in the different schemes after the appropriately chosen finite transfor-
mation.
by eq. (72) 12. As we see can see from fig. 11 that the difference is very small. To see the
difference we present the evolution in the threshold region (i.e. −1.0 <∼ t <∼ 1.0) in fig. 12.
So the maximal difference in this regime is O(0.8)(λ/4π). Above t = 2, which means
above the 7th Kaluza-Klein excitation, the maximal difference including the zero scheme
is O(0.08)(λ/4π).
4.2 Correction to gauge coupling unification
Now we would like to apply our result in the previous sections to the running of the
gauge couplings. Here we will consider only the PT and one-θ function approximation
schemes, because, as we have seen, the other schemes yield similar results. Suppose that
12 In figs. 11 and 12 we have included for comparison also the successive-θ function approximation
scheme, which represents a completely renormalizable four dimensional theory with successive discrete
thresholds of massive Kaluza-Klein states. This scheme actually suggests r given in eq. (63) to be pi/4.
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the one-loop β-function of a gauge coupling gPT has the form
16π2βPT = g
3
PT
{
b+ b˜
[
ϑδ3
(
ir
π(RΛ)2
)
− 1
] }
(76)
in the PT scheme with the normalization used in ref. [4] (i.e. r = π(Xδ)
−2/δ with Xδ =
πδ/2/Γ(1 + δ/2)), where the function ϑ3(ir/π(RΛ)
2) is given in eq. (65). The constant b
accounts for the massless modes and b˜ for the massive Kaluza-Klein modes. Since, as we
can see in fig. 7, ϑ3(ir/π(RΛ)
2) for ln(RΛ) >∼ T can be well approximated (π/r)δ/2(RΛ)δ,
we replace the r.h.side of eq. (76) by
16π2βPT ≃ g3PT
{
b− b˜+ b˜
[
ϑδ3
(
ir
π(RΛ)2
)
θ(T − ln(RΛ))
+
(
π
r
)δ/2
(RΛ)δθ(ln(RΛ)− T )
]}
, (77)
where T is some value >∼ 0 in the asymptotic regime. This β-function yields the evolution
of gPT
16π2
g2PT(Λ)
− 16π
2
g2PT(Λ0)
≃ −b ln Λ
Λ0
+ b˜ ln(RΛ)− b˜
{
(π/r)δ/2
δ
[(RΛ)δ − 1] + ∆δ
}
, (78)
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for Λ > (1/R)eT > 1/R, where
∆δ = T +
(π/r)Tδ/2
δ
(1− eδ) +
∫ T
−T0
dt
[
ϑδ3
(
ire−2t
π
)
− 1
]
, (79)
where we can replace T0 by −∞ as long as T0 ≪ 0. Since T is in the asymptotic regime,
∆δ does not depend on T . The ∆δ is the Kaluza-Klein threshold effect and we find for
instance
∆δ(r = π(Xδ)
−2/δ) ≃


0.33
0.55
for δ =


1
2
. (80)
It depends however on r, e.g.
∆1(r = 1) ≃ 0.22 , ∆1(r = 2) ≃ 0.050 , ∆1(r = π) ≃ 0.023 . (81)
∆δ decreases for increasing r and reaches at its minimum for r = π. So the π-scheme
(defined by r = π) might be the most economic scheme, because one might neglect the
threshold effect completely in this scheme. This can be seen by calculating the difference
∆δ(r)−∆δ(r′) = 1
δ
[ (
π
r
)δ/2 − (π
r′
)δ/2 ] +
1
2
ln
r
r′
. (82)
Differentiating the r.h.side with respect to r, we find that ∆δ(r) becomes minimal at
r = π. This dependence of r is unphysical because we can absorb it into a redefinition of
the coupling, or equivalently into a redefinition of Λ, as we will see.
It is now straightforward to apply the above formula to investigate the threshold
effect to gauge coupling unification. To be definite, we consider the Kaluza-Klein model
proposed in ref. [4], the MSSM with the Kaluza-Klein towers only in the gauge and Higgs
supermultiplets. The gauge coupling β-functions are given by [4]

b1 = 33/5
b2 = 1
b3 = −3
and


b˜1 = 3/5
b˜2 = −3
b˜3 = −6
. (83)
As usual we use the α1(MZ) (= g
2
1(MZ)/4π) and α2(MZ) as the input, and predict α3(MZ)
and MGUT. We find that threshold effect changes the unification scale as(
b1 − b2
b˜1 − b˜2
− 1
)
ln
M
(θ)
GUT
M
(PT)
GUT
+
(π/r)δ
δ
Rδ
[
(M
(θ)
GUT)
δ − (M (PT)GUT)δ
]
−∆δ = 0 , (84)
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where M
(i)
GUT is the unification scale in the i scheme. Since ∆δ (which is given in eq. (79))
and the factor in front of ln in eq. (84) are positive, the unification scale in the PT scheme
with r = π/4 is smaller than the one without the Kaluza-Klein threshold effect. For the
model at hand the difference is only ∼ 1 %.
The prediction of α3(MZ) does not changes practically; there is a compensating mech-
anism. As we have observed, M
(θ)
GUT is slightly larger that M
(PT)
GUT , which means that
α3(1/R) in the one-θ function approximation scheme with M
(θ)
GUT is larger as compared
with that of M
(PT)
GUT . Similarly, α3(1/R) in the PT scheme with M
(PT)
GUT is larger than
the corresponding in the one-θ function approximation scheme with the same unification
scale. These two effects are of the same magnitude. But it is clear that this compensating
mechanism depends on the model. Since the threshold effect is
δ
(
1
α
)
≃ ∆δ b˜
4π
, (85)
the effect could become in principle of the order of few percent in the PT scheme with
r = π/4, i.e. comparable to the present experimental error [31].
The r-dependence in the prediction of α3(MZ) should be absent. Let us see this
explicitly at one-loop order. We start with the assumption that the unification condition
8π2
g2GUT,r(M
(r)
GUT)
=
8π2
g2r,i(Λ0)
− bi lnM
(r)
GUT
Λ0
+ b˜i ln(RM
(r)
GUT)
−b˜i
{
(π/r)δ/2
δ
[(RM
(r)
GUT)
δ − 1] + ∆δ(r)
}
for all i (86)
is satisfied in the r scheme, where Λ0 < 1/R is the energy scale at which we match the
unrenormalizable theory with a renormalizable effective theory , say in the MS scheme.
We now would like to prove that the unification condition in the r′ scheme as well is
satisfied and that the g23(Λ0) prediction is r-independent. Comparing the asymptotic
behavior of the couplings of two schemes, we first find that the unification scales are
related by
M
(r′)
GUT = M
(r)
GUT(
r′
r
)1/2 . (87)
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Then using the identity (82), we can rewrite the r.h.side of eq. (86) as
8π2
g2r,i(Λ0)
− 1
2
bi ln
r
r′
− bi lnM
(r′)
GUT
Λ0
+ b˜i ln(RM
(r′)
GUT)
−b˜i
{
(π/r′)δ/2
δ
[(RM
(r′)
GUT)
δ − 1] + ∆δ(r′)
}
+ for all i , (88)
where the sum of the first two terms is nothing but
8π2
g2r′,i(Λ0)
=
8π2
g2r,i(Λ0)
− 1
2
bi ln
r
r′
, (89)
which can be obtained by computing the corresponding diagrams for Λ0 < 1/R in two
different PT schemes. This shows the r-dependence in one-loop order. To match gr,i(Λ0)
with g
MS
(Λ0), we still have to clarify the relation between the MS scheme and the PT
scheme in the MSSM. This is certainly outside of the scope of this paper, and we would
like to leave it for future work 13.
4.3 Comparing with the string Kaluza-Klein threshold effect
String theories in general contain different kinds of towers of massive modes; the original
massive string modes, the massive winding modes and the massive Kaluza-Klein modes.
Their characteristic mass scale is, respectively, O(1/
√
α′), O(1/R) and (R/
√
α′)O(1/
√
α′),
where α′ is the Regge slope. These massive states give rise to quantum contributions
to the gauge couplings 14, and in the case of the hierarchal mass relation, that is, if
1/R≪ 1/√α′, the Kaluza-Klein states are lighter than the others, so that one can expect
that the Kaluza-Klein modes will give dominant contributions to the quantum effect
[10, 11]. To be definite, in what follows we consider the weakly coupled heterotic string
theory. The quantum corrections in this theory have been calculated [32, 33], and their
13For the scalar theory, however, we can give such relation:
16pi2
λr(Λ0)
=
16pi2
λ
MS
(Λ0)
+
b
2
[ 2 +
1
6
r −
∫ 1
0
dx
∫
∞
r
dt
t
exp−tx(1− x) ] , (90)
where the quantity in the parenthesis is 1.269 . . . (0.2098 . . .) for r = pi(pi/4).
14See refs. [10, 11] and references therein.
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form is given by
8π2
g2s
=
8π2
g2ST,i
(Ms) =
8π2
g2ST,i
(Q)− bi lnMs
Q
−Di , (91)
where Di stands for the threshold effect of the massive states, and the string scale Ms is
related to α′ through [32]
Ms =
ζ√
α′
, ζ = 2 exp[(1− γE)/2]3−3/4(2π)−1/2 ≃ 0.432 . (92)
We assume that the six dimensions are compactified on a six dimensional orbifold, so that
the contribution to Di comes only from the massive supermultiplets forming a N = 2 but
notN = 4 supermultiplet. In the hierarchal mass relation, 1/R≪ 1/√α′, the contribution
to Di for Q≪Ms is dominated by the Kaluza-Klein modes, and it can be written as [11]
Di =
1
2
b˜i
∫ 1/2
−1/2
dτ1
∫ ∞
√
1−τ2
1
dτ2
τ2


∑
m1,m2∈Z
exp
[
− πτ2α
′
R2
(m21 +m
2
2)
]
− 1

 , (93)
where we have assumed that the radii associated with the two-dimensional torus embedded
in the six-dimensional torus are both R, and τ = τ1+ iτ2 is the modulus of the word sheet
torus corresponding to the one-loop word sheet topology. Making the change of the
variable, τ2 → t = α′τ2, we obtain
Di =
1
2
b˜i
∫ 1/2
−1/2
dτ1
∫ ∞
α′
√
1−τ2
1
dt
t


∑
m1,m2∈Z
exp
[
− πt
R2
(m21 +m
2
2)
]
− 1


=
1
2
b˜i
∫ 1/2
−1/2
dτ1
∫ ∞
α′
√
1−τ2
1
dt
t
{
ϑ23
(
it
R2
)
− 1
}
. (94)
Then we interpret eq. (94) as a result of the “running” of gST,i from 1/R to Ms = ζ/
√
α′.
The corresponding β-function may be obtained from
βST,i = Λ
d
dΛ
gST,i(Ms = Λ)
=
g3ST,i
16π2

bi + b˜i
∫ 1/2
−1/2
dτ1

 ϑ23

 i
√
1− τ 21 ζ2
(ΛR)2

− 1



 , (95)
where ζ is given in eq. (92). Comparing this with eq. (76) we see that the τ1 integral aver-
ages the field theory results in different regularizations with a definite weight. Therefore,
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the string scheme corresponds to an average scheme, and by investigating the β-function
in the asymptotic regime we can find the effective regularization scheme of, as we shall
do below. We find that for RΛ≫ 1
βST,i ≃ g3ST,i{bi + b˜i G2 (RΛ)2 }, (96)
where
Gδ =
1
ζδ
∫ 1/2
−1/2
dτ1 (1− τ 21 )δ/4 =
π
3ζ2
≃ 5.60 for δ = 2 . (97)
According to the discussion in section 2 (see eq. (11)), the couplings in the PT scheme in
the normalization of ref. [4] (r = 1 for δ = 2) and in the string theory are related by
8π2
g2PT,
=
8π2
g2ST,
− π
2
(1− 1
3ζ2
)(RΛ)2 . (98)
Equivalently, the scale parameters in the two schemes are related by ΛST =
√
3ζΛPT,
implying that the unification scales in the two schemes are also related in the same way:
Ms =
√
3ζM
(PT)
GUT ≃ 0.748M (PT)GUT . (99)
As a next task we would like to compute the Kaluza-Klein threshold effect in the same
way as in eq. (78). We find that
8π2
g2ST(Λ)
− 8π
2
g2ST(1/R)
≃ −(b− b˜) ln(RΛ)− b˜
{
π
6ζ2
[ (RΛ)2 − 1 ] + ∆ST
}
, (100)
for Λ > (1/R)eT > 1/R, where (see also ref. [11])
∆ST = T +
π
6ζ2
(1− e2T ) +
∫ T
−∞
dt
∫ 1/2
−1/2
dτ1[ ϑ
2
3(i
√
1− τ 21 ζ2e−2t)− 1 ]
≃ 1.46 . (101)
Since the string theory can be effectively regarded as the PT scheme with
r = 3ζ2 , (102)
as we can see from eq. (100), we would like to compare the threshold effect given in
eq. (101) with that in this scheme. We find
∆PT(r = 3ζ
2) = T +
π
6ζ2
(1− e2T )
∫ T
−∞
dt
[
ϑ23
(
i3ζ2e−2t
π
)
− 1
]
≃ 1.46 . (103)
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So we may conclude that the effective theory with r = 3ζ2 can accurately describe the
string theory for the case Ms ≫ 1/R.
5 Summary and discussion
The higher dimensional theories, as a possible framework able in principle to unify all
interactions, have a very long history starting from the work of Kaluza and Klein in
the twenties and will certainly continue in the next century. In particular during the last
thirty years there is a lot of theoretical interest in the various higher dimensional schemes,
while recently we have witnessed an increasing interest due to the possibility that might
be observable experimental consequences related to some large compactification radii.
Apart from the well known field theory limit of string theories (see e.g. ref. [34]), there
have been made many attempts to consider Yang Mills Theories in higher dimensions (see
e.g. refs. [35]-[38] and references therein) with most well known those of the supergravity
framework [38]. Maybe to the extend one is interested mainly in the low energy properties
in four dimensions of a gauge theory defined in higher dimensions an elegant reduction
scheme is the Coset Space one [36, 37].
Gauge theories in higher dimensions are (perturbatively) non-renormalizable by power
counting. However to the extend that a higher dimensional theory is defined at weak
coupling, it has been suggested in ref. [14] and in the present paper that the ERG provides
us with a natural framework to study also the quantum behavior of the theory. The
ERG approach based on the Wilson RG is indeed appropriate for dealing with higher
dimensional gauge theories since its formulation is independent of dimensions and permits
us to compute radiative corrections in a meaningful fashion.
As we have emphasized, the scale parameter introduced there (see eq. (18)) is the
infrared cutoff parameter and indicates the energy scale at which the effective theory is
defined. The RG equation (22) describes the flow of the effective theory as Λ varies,
and it reduces in the weak coupling limit in the derivative expansion approximation to
the evolution equation of the coupling. We have also considered other schemes such
33
as the momentum subtraction (MOM) scheme and the proper time (PT) regularization
scheme. In the PT scheme the scale parameter Λ is nothing but the ultraviolet cutoff
parameter. Within this scheme it is indeed difficult to understand that the coupling
“runs” with Λ. However, comparing all the schemes we have seen that the ultraviolet
cutoff parameter introduced in the PT scheme and the subtraction scale introduced in
the MOM scheme are just the scale parameter of the ERG, and moreover, that these
regularization schemes give very similar results as far as the evolution of the coupling
is concerned if one carefully eliminates the apparent regularization scheme dependence.
We have arrived at the conclusion that the Kaluza-Klein threshold effect can be very
small in certain regularization schemes; e.g., it is minimum for the π-scheme among the
PT schemes. This feature of the Kaluza-Klein thresholds originates from the fact that,
contrary to the renormalizable case, the lowest order β-function is regularization scheme
dependent.
In a concrete application of our results we found that in fact the prediction of α3(MZ)
resulting from gauge coupling unification in the MSSM with the Kaluza-Klein tower only
in the gauge and Higgs supermultiplets [4] does not change practically, in accord with
the result of ref. [4]. We have also compared the Kaluza-Klein threshold effect in a
string theory and its effective field theory, and we found that the string theory result
averages those of the field theory in different regularizations, defining therefore an average
regularization scheme of the effective theory. Surprisingly, the Kaluza-Klein threshold
effect calculated in the effective theory with the average regularization can very well
approximate the corresponding string theory result.
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